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NOMENCLATURE

C volumetric specific heat or heat capacity
If, It  air index for freeze and thaw

is  surface index
k thermal conductivity
L volumetric latent heat
n ratio of surface to air index

p, q, r property ratios defined in text
R ratio of thermal conductivity of ice to water
t time
Tf, To, r, fusion, initial, and surface temperatures
x volumetric fractions of soil solids, liquids, gases
X depth of phase change

ot (Tf - To)/ (T - Td)

phase change parameter
0 length of thaw or freeze season

K thermal diffusivity
A, phase change parameter

(Ctl2L)(T,- Tf) thawing
U (Cf/2L)( Tf- T,) freezing

Subscripts

f frozen .

g gas

i ice
R liquid
s solid

t thawed

w water

La 1 ... .,1
Iii
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THE NEUMANN SOLUTION APPLIED
TO SOIL SYSTEMS

V.I. Lunardini

INTRODUCTION
X X XvT2k fiL_)(Tf-j T7,t (3)

One of the most common problems facing engineers
in the cold climate regions of the world is the need to where X, which replaces -, can be determined from the
estimate the depth of freeze or thaw of a soil system. exact solution. Stefan (1891) originally solved a simi-
Despite the importance of moving boundary problems lar problem for the growth of sea ice when the sensible
of conduction with phase change, there are only a heat to latent heat ratio was small and the water was
handful of exact solutions. One of these solutions, at the freezing temperature. Equation 3 reduces to the
which includes both latent and sensible heat of the Stefan equation when X equals one; hence the name
soil mass, is that of Neumann (ca. 1860) which was "Stefan form."
generalized by Carslaw and Jaeger (1959). The surface temperature of a soil system does not

At the start of a freezing process, a semi-infinite normally remain constant during the freeze season and

medium, initially in the thawed state at I., suddenly the surface index Is is often used.

undergoes a step change in surface temperature to Ts
which is less than the fusion temperature Ti. The
solution for the phase change depth X is given by X = A VT2kf/L) T . (4)

X = 2 -f %f -j . (1) The surface index is defined as
a

The phase change parameter y can be obtained from /s =  If-TI(t')d' = (Tf-7,)O (5)

the following equation:

e' k, (T- TI) b L L yr (2) where 0 is the length of the freeze season.

erf'y kf (T-T) erfcby C,(Tf-T s) Thus an average constant surface temperature T,
can be calculated for the season to be used in eq 1 or

where eq 3, if /, is known. Unfortunately the surface index
is rarely available for a location; however, the air tem-

erf ; 2 d, perature index /f is usually tabulated and I, can be re-
placed with the n-factor, n defined as

erfc7 1 -erf7. n = Is/,f or 1,/l . (6)

Carslaw and Jaeger (1959) present solutions to the The quantity n is the relation between the air index

transcendental equation for y in the case of pure water and the surface index. A procedure for obtaining a

and ice. Equation 1, the Neumann equation, is used value at a given site is given by Lunardini (1978).

as the basis for many phase change studies and is ap- Finally, the modified Berggren equation is written as
plicable to engineering problems. Berggren (1943) was

apparently the first to actually apply the Neumann so- X = A 42k nIL. (7)
lution to soil phase change problems. Aldrich and Payn-
ter (1953) later used the Stefan form of the phase Berg and Aitken (1973), among many others, have
change solution to arrive at the modified Berggren shown that the modified Berggren equation (eq 7) gives
equation. Equation I can be changed to the Stefan good results for seasonal phase change depths even if
form as the surface temperature varies with time. The coefficient

-, - - .,' I .' -- - - - - -



-f can be found by equating eq 1 and 3 and substitut- where ks, kv and kg are the thermal conductivities of
ing into eq 2. This leads to the following equation the solid, liquid, and gaseous phases; x., x, and xg are
for -y: the volume fractions of the solid, liquid, and gaseous

phases. For soil systems, the thermal conductivity of
e___ p e q  (8) the solids and gases will not vary significantly as phase

erf(Ax-') erfc(rXv_ .2 change occurs (Kersten 1949). There will be only a
small error if it is assumed that the frozen state con-

The parameters a and p take into account the soil tem- tains only ice with no unfrozen water. Thus the ratio
peratures, specific heat and latent heat. The parameter of the frozen to unfrozen conductivities of the soil
I is one-half of the Stefan number which is the ratio mixture can be related to the thermal conductivity of
of the sensible heat and latent heat for a soil system. ice and water as follows:
For small values of p and a, it can be expected that A
will be nearly one and eq 7 will reduce to the Stefan k,1k = (k./hk)Q (10)
equation.

The quantitiesp, q and r are ratios of the thermal where kw, ki are the thermal conductivities of water
properties of the soil system for the frozen and thawed and ice. The volumetric specific heat for the system
states may be expressed for the thawed and frozen states as

follows:
p = (k, kf) K-f _1

Ct = C (I -xV,) + CWx (1 )
q = xf/K

Cf = Cst (1 -XV) + Ci X, (12)

where Cs1, Cst = specific heats of unfrozen and frozen
These relations are all for the freezing case. Aldrich soil solids. The neglect of the gas phase is insignificant
and Paynter (1953) used the relations since the density of the gas (air) is low. It is fortunate

that the specific heats of different soil solids and ice
a '= ( - T)I/(Tf - T) are all similar in magnitude. For example, the volu-

metric specific heat of organic solids is about 2300 kJ/
p = (C1/L)(T -Ts) m' K, for mineral solids it is 1760, while for ice it is

1920 (see Lunardini 1971). The properties of the fro-
and noted that calculations with typical soil proper- zen materials are evaluated at 250 F (269 K) while the
ties indicated Kt/Kt 2 1.0, Cl/CI - 1, and thuskt/kf thawed values are at 40°F (277.4 K). If one assumes
- 1.0. They then solved eq 8 withp = q =r =1 and that the values for the solids, except for ice, change
obtained a widely used graph for X (see Sanger 1969). little through the phase change then
Actually, this procedure is only valid when the water
content of a soil is zero. Nixon and McRoberts (1973) C'/C t = 1 + I(C' /C, ) - 1 (13)
made a parametric study of eq 2, but presented a graph
of As valid only for r = I/l% = 1.43, which was said to or
represent most soil conditions.

C,/CI = I + 1.023.k.

SOIL THERMAL PROPERTIES These relations indicate that the soil propertN ratios
may vary as

It is clear thatp, q and r will vary for different soil
systems, but a relatively simple procedure can be used 0.25. k/lk/ . 1.0
to generate these functions for any soil. Gold and
Lachenbruch (1973) noted that the weighted, geo- 1.0 C,/C I < 2.1
metric mean for the thermal conductivity of a mixture
gives results that are often as good as more complicated 0.13 # c' / , 1.0.
methods. The thermal conductivity of a soil can then
he expressed as The property vAlues to use in eq 8 can then be expressed

as simple lunctions of the soil water content

k = (kr" (kv)"v (kg)'g (9) 1+ R 1. (1023 A)

A2

41&
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Figure 1. Freeze or thaw, Neumann equation parameter, x 0.0.

1.0.

-S

Figure 2 Freezing case, Neuma,,n equation parameter, x. 0. 4.
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fiqure 4. Freez'ing case, Neumann equation parameter, xv a1.
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r =r/q where A is again given by eq 8 but the parameters a

X2: and p are nowa = (T- To)( T, - T ) and p = (C, 12L)
p rR (Ts - TI). The functionsp, q and r all change because

of the property chaniges of the thawed and frozen states.
The ratio of the thermal conductivity of ice to

water R is about 3.89. Equation 8 can be solved nu- q = II[R "(I + 1.023x j.
merically to find the roots, which are the values of X.
Figures 1 through 4 give the values of X to use in eq 3 r = \/q-.
or eq 7 for the freezing case.

p = rR"' .

THAW CASE The X values for thawing are now given in Figures 5
through 7. Notice that when x., = 0 the X values are

At first glance, it might appear that the same rela- the same for freezing or thawing (Fig. 1), which is the
tions could be used for either the thawing or the freez- Aldrich (1953) case and the Sanger (1969) graph. The
ing case. This, however, is not true. In the thawing charts for X are for the exact solution of the Neumann
case, the medium is initially frozen at To and energy problem with property values typical of soil systems.
must be conducted through the thawed layer from the
phase change interface. Since the thermal conductivity
of the thawed region is considerably less than that of DISCUSSION
the frozen, the heat flow will be reduced, even with
the same temperature gradient. However, the general A comparison of the value of X obtained with Fig-
form of the equation will be the same; after making ures 1 through 7 and the value obtained from the chart *

appropriate changes for the property values. The thaw given in Sanger (1969) shows that the values can differ
depth is expressed as by at least ±1 0%. Also, for the same values of x,, Q F

and p, the value of X differs by ± 105 when the free/-
X X V(2k It n)/L (14) ing and thawing cases are considered. Since Sanger's

.4
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fiqure S. Thawinq case, NeluMann equation parameter x, -0.4.
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Figure 6. Thawing case, Neumann equation parameter, x, 0.8.
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Figure Z. Thawing case, Neumann equation parameter, x, --1. 0.
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